SURFACES WITH PARALLEL MEAN CURVATURE IN CP n x E 

AND CH n x E 

DOREL FETCU AND HAROLD ROSENBERG 

Abstract. We consider surfaces with parallel mean curvature vector (pmc sur- 
faces) in CP™ x R and CH n x R, and, more generally, in cosymplectic space forms. 
We introduce a holomorphic quadratic differential on such surfaces. This is then 
used in order to show that the anti-invariant pmc 2-spheres of a 5-dimensional 
non-flat cosymplectic space form of product type are actually the embedded ro- 
tational spheres 5^ C M 2 x R of Hsiang and Pedrosa, where M 2 is a complete 
simply-connected surface with constant curvature. When the ambient space is 
a cosymplectic space form of product type and its dimension is greater than 5, 
we prove that an immersed non-minimal non-pseudo-umbilical anti-invariant 2- 
sphere lies in a product space M 4 x R, where M 4 is a space form. We also provide 
a reduction of codimension theorem for the pmc surfaces of a non-flat cosymplectic 
space form. 



1. Introduction 

Surfaces with constant mean curvature (cmc surfaces) in 3-dimensional ambient 
spaces have been intensively studied in the last six decades and a very useful tool 
proved to be the holomorphic quadratic forms defined on such surfaces. 

In 1951, H. Hopf used for the first time a holomorphic quadratic form in order 
to show that any cmc surface in a Euclidean space, homeomorphic to a sphere, is 
actually a round sphere (see [20]) and then his result was extended to cmc surfaces 
in 3-dimensional space forms by S.-S. Chern, in [llj. When the codimension is 
greater than 1, a natural generalization of cmc surfaces are surfaces with parallel 
mean curvature vector (pmc surfaces). These surfaces are studied since the early 
seventies, among the first papers to treat this subject being [16] by D. Ferus, [9] by 
B.-Y. Chen and G. D. Ludden, [19J by D. A. Hoffman and [25] by S.-T. Yau. In 
this last paper it is proved that a pmc surface immersed in a space form either lies 
in a totally geodesic 3-dimensional space or it is a minimal surface of an umbilical 
hyper surface. 

The next natural step was taken by U. Abresch and H. Rosenberg, who studied 
in [U [2] cmc surfaces and obtained Hopf type results in product spaces of type 
M 2 (p) x E, where M 2 (p) is a complete simply-connected surface with constant 

curvature p, as well as the homogeneous 3-manifolds Nil(3), PSL(2,M) and Berger 
spheres. As for the study of pmc surfaces in product spaces of type M n (p) x E, 
where M n (p) is a space form with constant sectional curvature p, the papers [1] and 
[5] by H. Alencar, M. do Carmo and R. Tribuzy, are devoted to this subject. The 
principal tool they use is a holomorphic quadratic form, which in the 3-dimensional 
case is just the Abresch- Rosenberg differential, introduced in [T]. In [5] the authors 
proved, amongst others, a very nice reduction of the codimension theorem, showing 
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that a pmc surface immersed in M n (p) x R is either a minimal surface in a totally 
umbilical hypersurface of M n (p); a cmc surface in a 3-dimensional totally umbilical 
submanifold, or in a totally geodesic submanifold of M n (p); or it lies in M 4 (p) x R. 
In the recent paper [T7] a similar result is proved for pmc surfaces immersed in a 
complex space form, i.e. a Kahler manifold with constant holomorphic sectional 
curvature. There it is shown that a non-minimal pmc surface immersed in a non- 
flat complex space form N n (p), where p is the (constant) holomorphic sectional 
curvature and n > 3, is a pseudo- umbilical totally real surface or it lies in a complex 
space form N r (p), with r < 5. 

The products between a complex space form and a one dimensional manifold are 
the main examples of cosymplectic space forms, which are often seen as the odd- 
dimensional version of complex space forms. Therefore, working in such spaces seems 
to be the natural continuation of [T7] . The other option for odd-dimensional ambient 
spaces with nice curvature properties is represented by the Sasakian space forms, 
amongst them being the odd-dimensional spheres and the generalized Heisenberg 
group. Although the present paper is devoted to the study of pmc surfaces in 
cosymplectic space forms it is sure that interesting results could be also obtained by 
considering this second option. 

The paper is organized as follows. In Section [2] we briefly recall some general 
facts about the cosymplectic space forms, as they are presented in j3j EJ H2]. In 
Section [3] we introduce a quadratic form Q defined on surfaces immersed in such a 
space and prove that its (2, 0)-part is holomorphic when the mean curvature vector 
of the surface is parallel. In Section H] we characterize the pmc surfaces of type 
£ 2 = 7r" 1 (7) in a product space M n (p) x R, where M n (p) is a complex space form, 
7r : M n (p) x R — > M n (p) is the projection map and 7 : / — > M n (p) is a Frenet curve 
of osculating order r in M n (p). We also prove that such surfaces with vanishing 
(2, 0)-part of Q exist if and only if p < 0. The main result of Section [5] is a reduction 
theorem, which states that a non-minimal pmc surface £ 2 in a non-flat cosymplectic 
space form N 2n+1 (p) either is pseudo-umbilical and then the characteristic vector 
field is orthogonal to S 2 and the surface is anti-invariant, or it is not pseudo- umbilical 
and lies in a totally geodesic invariant submanifold of N 2n+l (p) with dimension less 
than or equal to 11. The last Section is devoted to the study of anti- invariant pmc 
surfaces. We prove that any non-minimal anti-invariant pmc 2-sphere in M 2 (p) x R 
is an embedded rotationally invariant cmc sphere Sjj C M 2 (|) x R, where M 2 (£) 
is a complete simply-connected surface with constant curvature |, immersed as a 
totally-geodesic Lagrangian submanifold in the complex space form M 2 (p). When 
the dimension of the ambient space is greater than 5, we show that a non-minimal 
non-pseudo- umbilical anti- invariant 2-sphere immersed in M n (p) xR lies in a product 
space M 4 (|) x R, where M 4 (|) is a space form immersed as a totally geodesic totally 
real submanifold in M n (p). 



2. Preliminaries 

Let M n (p) be a complex space form with the complex structure (J, (, }m) 5 consider 
the product manifold N 2n+1 = M n (p) xR and define the following tensors on jV 2n+1 : 

d 

(p = Jodn, £ = — , 7] = dt and (, ) N = (, )m + dt ® dt, 

where n : M n {p) xR — > M n (p) is the projection map and t is the standard coordinate 
function on the real axis. Then (iV 2n+1 , 93, £, 77, (, }#) is a cosymplectic space form 
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with constant ^-sectional curvature equal to p (see [3j [7] ) . We shall explain what 
this means in the following. 

An almost contact metric structure on an odd-dimensional manifold N 2n+1 is 
given by (9?, £, 77, (, )), where ip is a tensor field of type (1, 1) on N, £ is a vector field, 
77 is its dual 1-form and (,) is a Riemannian metric such that 

<p2U = -U+(U,S)S and (ipU,<pV) = (U,V)- V (U)r)(V), 

for all tangent vector fields U and V. 

An almost contact metric structure (c/j, £,77, (,)) is called normal if 

A^([/,y) + 2ci77([/,y)£ = 0, 

where 

iVt/, V) = [<pU, <pV] - <P&U, V] - <p[U, <pV] + <P 2 P, V], 

is the Nijenhuis tensor field of <p. 

An almost contact metric manifold (N,(p,£,rj,g) is a cosymplectic manifold if 
it is normal and both the 1-form 77 and the fundamental 2-form f2, defined by 
Q(U, V) = (U,cpV), are closed. Equivalently, an almost contact metric manifold 
is cosymplectic if and only if ip is parallel, i.e. \7 N p = 0, where is the Levi- 
Civita connection. This implies that also the vector field £ and the 1-form 77 are 
parallel. We note that a cosymplectic manifold has a natural local product struc- 
ture as a product of a Kahler manifold and a 1-dimensional manifold but there exist 
compact cosymplectic manifolds which are not global products (see [6l [12] ) . We also 
recall that a submanifold M of a cosymplectic manifold is called invariant when 
<p(TM) C TM and anti-invariant when <p(TM) C NM, where NM is the normal 
bundle of M. 

Let (N, (p, £, 77, (,)) be a cosymplectic manifold. The sectional curvature of a 2- 
plane generated by U and <pU, where U is a unit vector orthogonal to £, is called 
p-sectional curvature determined by U. A cosymplectic manifold with constant <p- 
sectional curvature p is called a cosymplectic space form and is denoted by N(p). 
The curvature tensor field of a cosymplectic space form N(p) is given by 

R N (U,V)W = %{{V,W)U- (U,W)V + {U,<pW)<pV- (V,ipW)<pU 
(2.1) +2(17, cpV)cpW + 7](U)ri(W)V - r](V)r](W)U 

+(U,W)ri(V)£-(V,W)ri(U)£}. 

3. A QUADRATIC FORM WITH HOLOMORPHIC (2, 0)-PART 

Although our main interest is to study the immersed pmc surfaces in product 
spaces of type M n (p) xR, where M n {p) is a complex space form, it is more convenient 
to treat the more general case where the surfaces are immersed in an arbitrary 
cosymplectic space forms. 

Let S 2 be an immersed surface in a cosymplectic space form A^ 2n+1 (p), endowed 
with the cosymplectic structure (</?,£, 77, (,)) and having constant (/^-sectional curva- 
ture p. 

Definition 3.1. If the mean curvature vector H of the surface X 2 is parallel in 
the normal bundle, i.e. V H = 0, the normal connection X7 1 - being defined by the 
equation of Weingarten 

V%V = -A V X + vjtV, 
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for any vector field X tangent to £ 2 and any vector field V normal to the surface, 
where is the Levi-Civita connection on N and A is the shape operator, then E 2 
is called a pmc surface. 

We define a quadratic form Q on E 2 by 

Q(X, Y) = 8\H\ 2 (a(X, Y), H) - p\H\ 2 V (X)r,(Y) + 3p(<pX, H)(<pY, H), 

where a is the second fundamental form of the surface, and claim that the (2, 0)-part 
of Q is holomorphic. 

In order to prove this, we first consider the isothermal coordinates (u, v) on X 2 . 
Then ds 2 = X 2 (du 2 + dv 2 ) and let us define z = u + iv, z = u — iv, dz = -^(du + idv), 

dz = -^(du — idv) and 



y/2 \du * dv ) ' ^ y/2 V du * dv 

We get (Z,Z) = = (Su^) = We mention that this rather unusual 

notation for the conjugation is used only for the reader's convenience. 
Now, we shall compute 

Z(Q(Z, Z)) = Z(8\H\ 2 (a(Z, Z), H) - p\H\ 2 ( V (Z)) 2 + 3p(^Z, H) 2 ). 



We have 



Z((a(Z, Z),H)) = (Vf a(Z, Z), H) + (a(Z, Z),V%H) 
= (V±a(Z, Z), H) + (a(Z, Z),V±H) 
= <(Via)(Z, Z), H) + (a(Z, Z), V±H) 



since 



(V±a)(Z, Z) = V±a(Z, Z) - 2a(V 2 Z, Z) = V±a(Z, Z) 

and V^Z = 0, from the definition of the connection V on the surface. 

Next, using the Codazzi equation, we get 
(3.1) 

Z((a(Z,Z),H)) = ((V^a)(Z,Z),H) + ((R N (Z,Z)Z) ± ,H) 
+(a(Z,Z),V±H) 

= <(V^)(Z, Z), H) + (R N (Z, Z)Z, H) + (a(Z, Z), Vitf). 
From the expression (|2.ip . of the curvature tensor field of N, it follows 



(3.2) (R N (Z, Z)Z, H) = £{(Z, Z)n(Z)r](H) + 3(Z, <pZ)(H, <pZ)}. 

Working just like in [5] (or in [IT]), we can prove that 

(3.3) ((Vj,a)(Z,Z),H) = (Z,Z)(V^H,H). 

du 



Indeed, if we consider the unit vector fields e% and e 2 corresponding to M- and 



respectively, then we get Z = -^{e\ — ie 2 ) and 



A 2 A 2 
a(Z, Z) = ycr(ei - ie 2 , &i + ie 2 ) = —(a(e 1 ,e{) + cr(e 2; e 2 )) = (Z, Z)H. 
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Since we also have V^Z = jj(VzZ, Z)Z, it follows that 
((V£(7)(Z, Z),H) = (Vf a(Z, Z), H) - (a(V z Z, Z),H) - (a(Z, V Z Z), H) 

= (Vf «Z, Z)H), H) - ^(V Z Z, Z)(a(Z, Z),H) 

= (Vf ((Z, Z)H), H) - (V Z Z, Z)(H, H) 

= (V Z Z, Z)(H, H) + (V Z Z, Z)(H, H) 

+(Z, Z)(V$H, H) - (V Z Z, Z)(H, H) 

= (Z,Z)(V^H,H). 

Replacing (13. 2p and (13. 3ft in (13. ip . and using the fact that H is parallel, it follows 
that 

(3.4) Z((a(Z, Z), H)) = 9 -{(Z, Z)r,(Z) V (H) + 3<Z, tpZ)(H, V Z)}. 

As the characteristic vector field £ is parallel, equation f|3.3[) also implies that 

(3.5) Z((r,(Z)) 2 ) = 2(Z,Z)r,(Z)r,(H). 

Finally, since V N (f = and H is parallel, using V|Z = cr(Z, Z) = (Z, Z)H and 

(y?Z) T = ^{<pZ, Z)Z, that can be easily checked, one obtains 
(3-6) 

Z(( V Z,H) 2 ) = 2(<pZ,H){(V^Z,H) + ( ( pZ,V^H)} 
= 2(<pZ,H){(<pV%Z,H) + (tfZ, X7~H)} 

= 2{<pZ, H){(Z, Z) {<pH, H) - ((cpZ) T ,A H Z) + ((ipZ)^, V±H)} 
= -2(<pZ,H)(a((<pZ) T ,Z),H) 

= -2{<pZ,H){(pZ,Z)\H\ 2 . 

From (|3.4p . (|3.5p and (|3.6p we see that Z(Q(Z, Z)) = 0, and we can state the 
following. 

Theorem 3.2. If S 2 is an immersed pmc surface in a cosymplectic space form 
N 2n+1 (p), then the (2,0) -part of the quadratic form Q, defined on T, 2 by 

Q(X, Y) = 8\H\ 2 (a(X, Y),H) - p\H\ 2 rj(X) V (Y) + 3p(<pX, H)(<pY, H), 

is holomorphic. 

4. Vertical cylinders with parallel mean curvature vector in 

product spaces 

Let 7 : I C R — > M n (p) be a curve parametrized by arc- length in a complex space 
form with complex dimension n and constant holomorphic sectional curvature p, i.e. 
CP n (p), C n or CH n (p) as p > 0, p = or p < 0. The curve 7 is called a Frenet 
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curve of osculating order r, 1 < r < 2n, if there exist r orthonormal vector fields 
{Ei = 7', . . . , E r } along 7 such that 



(4.1) 



where {k\, k 2 , K3, . . . , «V- 1} are positive functions on 7 called the curvatures of 7 
and V M denotes the Levi-Civita connection on M n (p). 

A Prenet curve of osculating order r is called a helix of order r if «j = constant > 
for 1 < i < r — 1. A helix of order 2 is called a circle, and a helix of order 3 is simply 
called helix. 

S. Maeda and Y. Ohnita defined in |23j the complex torsions of the curve 7 by 
Tij = (Ei, JEj), 1 < i < j < r, where (J, (, )) is the complex structure on M n (p). A 
helix of order r is called a holomorphic helix of order r if all the complex torsions 
are constant. It is easy to see that a circle is always a holomorphic circle. 

In order to find examples of pmc surfaces we will focus our attention on the vertical 
cylinders X 2 = vr _1 (7) in product spaces M n (p) x R, where ir : M n (p) x R — > M n (p) 
is the projection map and 7 : I — )■ M n (p) is a Frenet curve of osculating order 
r in M n (p). For any vector field X tangent to M n (p) we shall denote by X H 
its horizontal lift to M n (p) x R. As for the Riemannian metrics on M n (p) and 
M n (p) x R, we will use the same notation (, ). 

Obviously, {£f ,£} is a local orthonormal frame on X 2 and E^, 1 < i < r, are 
normal vector fields. Then the mean curvature vector H is given by 

H = \{a{E^E^) + a{i,i)) = l Kl E» , 

where K\ = k\ on and we used the first Frenet equation for 7 and O'Neill's equation 
|24j in the case of cosymplectic space forms, i.e. V^- H Y H = (y^Y) H , for any vector 
fields X and Y tangent to M n (p) (see also [3]). 
Next, from the second Frenet equation, we have 

(4.2) V N E? H = \{V^(k x E2)) H = \{<E 2 - k\E x + k x k 2 E z ) h . 

It is easy to verify that V^E^ = V b h^ = 0, where V is the connection on the 
surface, and then we get that [f , £f ] = 0, which means E^ = V^ ff £ = 0. Now, 
since from flUQ it follows that R N (^,E^)E^ = 0, we obtain 

(4.3) Vf H = Ivf V^ f < = 0. 

From (I4.2p and (14.31) we see that H is parallel if and only if either 

• 7 is a geodesic in M n (p); or 

• 7 is a circle in M n {p) with the curvature K\ = 2\H\ = constant > 0. 

Obviously, in the first case, X 2 is a minimal surface. In the second case, the (2, 0)- 
part of Q vanishes if and only if 

16\H\ 4 + p\H\ 2 + Zp^E^ ,H) 2 = 0, 

that is equivalent to 

Ak\ + p(l + 3t x 2 2 ) = 0. 

Now, we can conclude. 
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Proposition 4.1. A vertical cylinder E 2 = 7r _1 (7) in M n (p) x R /ias non-zero 
parallel mean curvature vector and the (2,0) -part of the quadratic form Q vanishes 
on E 2 if and only if p < and the curve 7 is a circle in M n (p) with the curvature 
k = \\j — + 3r 2 ), where r is the complex torsion 0/7. 

Remark 4.2. S. Maeda and T. Adachi proved in [22J that for any positive number 
k and for any number r, such that |r| < 1, there exits a circle with curvature k and 
complex torsion t in any complex space form. Therefore, for any p < 0, we know 
that circles 7, like in the previous Proposition, do exist. Since < r 2 < 1 we get that 
T}^—p < k < yj—p, which means that the mean curvature of a non-minimal pmc 

cylinder E 2 = 7r _1 (7), with vanishing (2,0)-part of Q, satisfies < \H\ < 

5. A REDUCTION THEOREM 

Let E 2 be an immersed non-minimal pmc surface in a non-flat cosymplectic space 
form A 2n+1 (p), n > 2. 

Lemma 5.1. For any vector V normal to T, 2 , which is also orthogonal to tpTT, 2 and 
to (pH, we have [Ah, Ay] = 0, i.e. Ah commutes with Ay. 

Proof. The conclusion follows easily from the Ricci equation 

(R L {X, Y)H, V) = ([A H ,A V }X, Y) + (R N (X, Y)H, V), 

since 

(R N (X,Y)H,V) = *{{X,<pII)(<pY,V)-(Y,<pH){<pX,V) + 2(X,<pY)(<pH,V)} 



= 

and R ± (X,Y)H = 0. □ 

Corollary 5.2. Either H is an umbilical direction or there exists a basis that diag- 
onalizes simultaneously Ah and Ay, for all normal vectors V satisfying V _L ipTT, 2 
and V _L ipH . 

Now, assume that H is an umbilical direction everywhere, which means that the 
surface is pseudo-umbilical, i.e. Ah = \H\ 2 I. For such a surface, since H is also 
parallel, we have 

R N (X,Y)H =V X V Y H -Vy^xH -V [X , Y ]H 

= -\H\ 2 (X7 X Y - Vyl - [X,Y]) = 0, 

for any tangent vector fields X and Y. 

In the following we shall prove that, in this case, £ _L TE 2 and ip(TT?) C A^E 2 , 
where AS 2 is the normal bundle of the surface. 

First, we have 

Lemma 5.3. The following four relations are equivalent: 
(i) £ _L TE 2 ; 
(it) H _L f 
(Hi) ip(TY?) C AS 2 ; 
(iv) <pH _L TE 2 . 

Proof. As H is umbilical, it results that (o~(Z, Z), H) = and, consequently, the 
(2, 0)-part of Q is, in this case, 

Q(Z, Z) = -p\H\ 2 {n(Z)) 2 + 3p(<pZ, H) 2 , 



8 DOREL FETCU AND HAROLD ROSENBERG 

where Z and its conjugate Z are the complex vectors on £ 2 , defined in Section [3l 
Since Q(Z,Z) is holomorphic and H is umbilical and parallel, it follows that 

(Z, Z) V (Z)r)(H) + 3{ipZ, H){<pZ, Z) = 0. 

Now, it is easy to see that n(Z)rj(H) = is equivalent to (<pZ,H)(<pZ, Z) = 0, and 
then we only have to prove the equivalence between (i) and (ii) and between (iii) 
and (iv), respectively. 

First, if r){Z) = then r?(Vf Z) = (Z, Z)n(H) = 0, as N 2n+1 (p) is a cosymplectic 

Zi 

space form and V~Z = (Z, Z)H. Conversely, if n(H ) = 0, we have 

7?(Vf H) = - V (A H Z) = -\H\ 2 n(Z) = 0. 
Next, since R N (X,Y)H = 0, for any tangent vector fields X and Y, we get 
= R N (Z, Z)H = ^{((pH, Z)tpZ - (ipH, Z)<pZ + (tpZ, Z)^H 

+r ] (Z) V (H)Z-r ] (Z) V (H)Z}. 

Assume that relation (Hi) holds, i.e. that (<pZ, Z) = 0. As we have seen, this also 
implies r](Z) = r](Z) = and rj(H) = 0. Then, by using the definition of the 
cosymplectic structure on N 2n+1 (p), we have 

(R N (Z, Z)H, yZ) = -£{Z, Z){<pH, Z) = 0. 

Conversely, if (iv) holds, i.e. if (ipH, Z) = 0, we have 

= (V g ipH,Z) = (ipV s H,Z) + (ipH,V s Z) = -{ipA H Z,Z) + (Z,Z)(^H,H) 

= \H\ 2 (<pZ,Z), 

and come to the conclusion. □ 

Now, let us assume that relations (i)-(iv) do not hold on our surface. We choose 
an orthonormal basis {ei,e2} on X 2 such that e± _L £, i.e. f](ei) = 0. Then, from 
(R (ei, e2)H, e2) = 0, we obtain 

{ipe2,e 1 )((pH,e 2 ) = 0, 
which means that ((pH, e2) = 0, and then R N (ei, e-^H = can be written as 

(5.1) 2(ipe 2 ,ei)(pH + (ipH, ei)ipe 2 - r](e 2 )r](H)e 1 = 0. 

We take the product of this equation with ipH, e± and (pe 2 , respectively, and 
obtain 

(5.2) (<pe2, ei)(^, ipH) = r ? (e 2 )r ? (F)(^, e x ) 

(5.3) 3{(pe 2 ,ei){<pH, e x ) = r](e 2 )rj(H) 
and 

(5.4) 3(ipe 2 ,ei)r](e 2 )rj(H) = (ipH , e x ) (ye 2 , ipe 2 ) . 

Since (ipe 2 ,ei) ^ and (ipH,ei) 7^ 0, from the first two equations, we get 

(5.5) {tpH, tpH) = \H\ 2 - ( V (H)) 2 = 3(ipH, ei ) 2 
and, from the last two, 

(5.6) {ipe 2 , ipe 2 ) = 1 - (r](e 2 )) 2 = 9(ipe 2 , ex) 2 . 

Lemma 5.4. If the relations (i)-(iv) in Lemma \5.3\ do not hold on S 2 then we have 
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(1) 2\H\ 2 (^e 2 ,e 1 ) = (<pH, a(e u e 2 )); 

(2) (p#>(ei,ei)) = ( V H,a(e 2 ,e 2 )) = 0; 

(3) V e2 e 2 = V e2 ei = 0; 

(4) ry(cr(ei,e 2 )) = and (^ei, <x(ei, e 2 )) = 0. 

Proof. From equation (|5.5p it follows 

But we also know that V^if = — \H\ 2 e 2 and, since (ipH, e 2 ) = 0, that (<pH, V e2 ei) = 
0. Replacing in the above equation and using equation (]5.3p one obtains 

2\H\ 2 (ipe 2 ,ei) = {ipH,a(ei,e 2 )). 

In the same manner, from equation (|5.5p . we obtain {ipH,a(ei,ei)) = and then 
{ipH,a(e 2 ,e 2 )) = 0. 

As (ipH,e 2 ) = we get ((pH,V^ 2 e 2 ) = 0, which implies 

(ipH,V e2 e 2 ) = {(pH,ei)(V e2 e 2 ,ei) =0, 

meaning that V e2 e 2 = 0. Since e\ _L e 2 , we also have V e2 ei = 0. 

Finally, rj{e\) = and = imply ^(V^ei) = 0. Since V e2 ei = it follows 
that r](o~(ei, e 2 )) = 0. Then the last identity in our Lemma follows easily by taking 
the product of (|5.ip with 9917(61,62). □ 

From the expression of the curvature tensor R N it can be easily checked that R N 
is parallel, i.e. V N R N = 0. Therefore, we have (V^i? 7V )(ei, e 2 , H) = and then, as 
R N (X,Y)H = 0, for any tangent vectors X and Y, one obtains 

\H\ 2 R N (e 1 ,e 2 ,e 1 )-R N (a(e 1 ,e 1 ),e 2 ,H)-R N (e 1 ,a(e 1 ,e 2 ),H)=0. 

By using (12. (15. ip and Lemma l5~4"l the above equation become, after a straight- 
forward computation, 

r?(cr(ei, e 1 ))r](H)e 2 -r](e 2 )r](H)a(ei, ei) + {(pH, ei)ipa(ei, e 2 )-5\H\ 2 {ipe 2 , ex)ipe\ = 0, 
and, by taking the product with e 2 , we obtain that 

(5.7) i){a{e x ,e x ))i){H) + 9\H \ 2 (ipe 2 , ei ) 2 = 0. 
Next, from equations (I5.3p . ()5.5p and ()5.6p . it follows that 

3\H\ 2 {ipe 2 , ei ) 2 = (l-6(^e 2 ,ei) 2 )(7?(F)) 2 . 

Hence, replacing in (|5.7p . we get rj(a(ei, ei)) = 3r](H)(6((pe 2 , e\) 2 — 1) and then 
r](a(e 2 ,e 2 )) = r](H)(5 — I8(ipe 2 , ei) 2 ), which means that 

(5.8) ^(V^e 2 ) = V (H)(5 - 18(<pe 2 , ei ) 2 ), 
since V e2 e 2 = 0. 

From equation (|5.6[) . we obtain 2ij(e 2 )r]('V^ 2 e 2 ) = —18((pe 2 ,ei)e 2 ((ipe 2 ,ei}), and 
then, from (|5.8p and f)5.3|) . it results 

(5.9) 3e 2 ((<pe 2 , e x )) = (18<pe 2 , ei) 2 - 5)(^ff, ei). 

Finally, we differentiate the equation (j5.3j) . and using the equations (j5.8j) and 
(|5.9p . the fact that -ff is umbilical and parallel and Lemma 15.41 we obtain 

\H\ 2 + {b-\8(<pe 2l e 1 ) 2 )( 11 (H)) 2 = Q. 

But, from equation (15.6p . we know that 9(v?e 2 , ei) 2 < 1. Therefore, the last equation 
is a contradiction. 

Thus, it results that £ _L TS 2 , ^(TS 2 ) C iVS 2 , _L £ and (pH _L TS 2 . Now, it is 
easy to see that, if {ei, e 2 } is an orthonormal frame on E 2 , then, at any point on the 
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surface, the system {ei, e 2 , <P e ii ( / 7e 2 ) H, tpH,£} is linearly independent, which means 
that n > 3. 

Thus we can state the following 

Proposition 5.5. Let X 2 be an immersed non-minimal pmc surface in a non-flat 
cosymplectic space form N 2n+l {p), n > 2. // the mean curvature vector H is an 
umbilical direction everywhere, then^ _L TT? , <£>(T£ 2 ) C NT? andn > 3. Moreover, 
H ± £ and (pH _L TT? . 

Let N 2n+1 (p) be the product between a non-flat complex space form M n (p), with 
complex dimension n, and R. If X 2 is an immersed surface in N 2n+l (p) as in the 
previous Proposition, it follows that X 2 is a totally real surface in M n (p). Moreover, 
since N 2n+1 (p) is a product space, we have VgZ = VfZ, VfZ = Vf Z and 

V^H = Vj^H, for any vector field X tangent to X 2 , where we have used the fact 
that H _L £. From these identities, we obtain that the surface is pseudo-umbilical 
and with parallel mean curvature vector in M n (p). Hence, we have 

Corollary 5.6. Let X 2 be an immersed non-minimal pmc surface in M n (p) x R, 
n > 2, p ^ 0. If its mean curvature vector is an umbilical direction everywhere, then 
S 2 is a pseudo-umbilical non-minimal totally real pmc surface in M n (p), and n > 3. 

Remark 5.7. If the mean curvature vector of the surface E 2 is umbilical everywhere 
then the (2, 0)-part of the quadratic form Q defined on X 2 vanishes. 

The next step is to study the case when the mean curvature vector of the surface 
is nowhere umbilical. We shall prove that such a surface lies in a totally geodesic 
submanifold of N 2n+1 (p), with dimension less than or equal to 11. 

Proposition 5.8. Assume that H is nowhere an umbilical direction. Then there 
exists a parallel subbundle of the normal bundle that contains the image of the second 
fundamental form a and has dimension less than or equal to 9. 

Proof. We consider a subbundle L of the normal bundle, given by 

L = span{Im a U (<p(Im a)) 1 - U (^(TS 2 ))^ U ^}, 

where (^(TS 2 ))^ = {{(pX) 1 : X tangent to S 2 }, (^(Imcj))^ = {(<£><j(X, Y)^ : 
X, Y tangent to S 2 } and is the normal component of £ along the surface. We 
will show that L is parallel. 

First, we have to prove that if V is orthogonal to L, then V;):^ is orthogonal to 
ip(TY, 2 ) and to (pH, where {ei,e2} is a frame satisfying 

(a( ei ,e 2 ),V) = (<r(ei,e 2 ),H) = 0. 

Indeed, one gets 

((ylVWiV) = ({<pH)\V»V) = -(V»{<pH)\V) 
= -(V^H,V) + (V^Hy,V) 
= (ipA H e h V) + {a(e t ,{^H) T ),V) 



= 
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and 

(fae^^V) = -(V»fa ej ^,V) 

= -(V^e v V) + (V^e 3 V,V) 

= -(^ej, V) - (<p<rfa, ej), V) + (a fa, faej) T ), V) 

= 0. 

Next, we shall prove that if a normal vector V is orthogonal to L, then so is V^V, 
i.e. 

(afa, ej ),Vj k V) = 0, (<p*fa, ej ),Vi k V) = 0, 

(<pe i ,Vj k V)=0, (^,vj k V)=0. 

We only have to prove the first two identities and the last one, since the third has 
been obtained above. 

Let us denote = (Vi .a fa, e.j), V). As a is symmetric, we have = Aj ik , 
and also A^ = — (a fa, ej), V^V), since V is orthogonal to L. We get 

((V^<7)(ei, ej ), V) = (Vi k a fa, ej), V) - (a{V ek e u ej), V) - (a fa, V efc e,), V) 

= (Vjr k afa, ej ),V), 

and, from the Codazzi equation, again using V _L L, 

((K k a)fa, ej ),V) = ((Via)fa,e j ) + (R N fa,e i )ej) ± ,V) 

= <(V£.a)(e fc , e t ) + (R N (e k , e j )e i ) ± , V) 

= ((Vi*)(e k ,ej),V) = ((Vi.a)fa, ei ),V). 

We have just proved that A^ = = A^j. 

Next, since Vi, V is orthogonal to (p(TY?) and to ipH, it follows that the frame 
field {ei,e2} diagonalizes A v ± v as well, and we get 

A ijk = -(afa,ej),Vj k V} = - fa, A v ± v ej) = 

for any i / j. Hence, we have obtained that if two indices are different from each 
other then A^k = 0. 
Next, we have 

A iU = -(afa,e i ),ViV) = -(2H,Viy) + (afa,e ),ViV) 
= (2Vi i H,V)-A jji = 0, 
and, therefore, the first identity is proved. 



12 



DOREL FETCU AND HAROLD ROSENBERG 



In order to obtain the second one, we observe first that if V is orthogonal to L 
then also ipV is normal and orthogonal to L. It follows that 

{{ipa^e^^V) = -(V^Wej.ej)) 1 ^) 

= -(V^a(ei,e 3 ),V) + (V? k (ipa(eue 3 )) T ,V) 

= (<pA a{e ^ ej) e k , V) - (<fVj- h a(ei, ej), V) 

+(a(e k ,(tpa(ei,ej)) T ),V} 

= (V&fae^V) = -{a{ei,ej),V^V) 

= 0. 

Finally, we get 

= o, 

which completes the proof. □ 

Since ip(L © TX 2 ) C L © TX 2 and £ G L © TX 2 along the surface, it follows that 
R N {X, Y)Z G L © T£ 2 for any 1,7,2 G L® TX 2 . Therefore, by using a result of 
J. H. Eschenburg and R. Tribuzy (Theorem 2 in |14| ) and the result of H. Endo in 
[13], we get 

Proposition 5.9. Let X 2 be an immersed non-minimal pmc surface in a non-flat 
cosymplectic space form N 2n+1 (p), n > 2. If its mean curvature vector is nowhere 
an umbilical direction, then the surface lies in a cosymplectic space form N r (p), 
where r < 11. 

If we consider the cosymplectic space form N 2n+1 (p) to be the product between a 
complex space form M n (p) and R and use again the facts that </?(L©TX 2 ) C LffiTX 2 
and £ G L © TE 2 , then we have the following 

Corollary 5.10. Let S 2 be an immersed non-minimal pmc surface in M n (p) x R, 
n > 2, p ^ 0. If its mean curvature vector is nowhere an umbilical direction, then 
the surface lies in M r (p) x R, where r < 5. 

Remark 5.11. Since the map p G X 2 — > (Ah — /ul)(p), where [i is a constant, is 
analytic, it follows that if H is an umbilical direction, then this either holds on X 2 
or only for a closed set without interior points. In this second case H is not an 
umbilical direction in an open dense set, and then Proposition 15.81 holds on this set. 
By continuity it holds on X 2 . Consequently, only the two above studied cases can 
occur. 

Summarizing, we can state 

Theorem 5.12. Let X 2 be an immersed non-minimal pmc surface in a non-flat 
cosymplectic space form N 2n+l (p), n > 2. Then, one of the following holds: 

(1) X 2 is pseudo-umbilical and then £ _L TX 2 , (^(TX 2 ) C NY, 2 , H _L f , ipH _L 
TX 2 and n > 3; or 
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(2) X 2 is not pseudo-umbilical and lies in a cosymplectic space form N r (p), where 
r < 11. 

Corollary 5.13. Let X 2 be an immersed non-minimal pmc surface in N 2n+1 {p) = 
M n {p) x R, where M n (p) is a non-flat complex space form, with complex dimension 
n > 2. Then one of the following holds: 

(1) X 2 is pseudo-umbilical in N 2n+1 (p) and then it is a pseudo-umbilical non- 
minimal totally real pmc surface in M n {p) and n > 3; or 

(2) X 2 is not pseudo-umbilical in N 2n+1 (p) and then it lies in M r (p) x M., where 
r < 5. 

6. Anti-invariant pmc surfaces 

Let X 2 be an immersed non-minimal anti-invariant pmc surface in a non-flat 
cosymplectic space form N 2n+1 (p) and define a new quadratic form Q' on X 2 by 

Q'(X, Y) = 8(a(X, Y),H) - pv(X) V (Y). 

In the same way as in Section [3] it can be proved that the (2,0)-part of Q' is holo- 
morphic. 

In the following, we shall assume that the (2, 0)-parts of Q and Q' vanish on the 
surface, i.e. the following equations hold on X 2 : 

(8\H\ 2 (a(e uei ) - a(e 2 ,e 2 ),H) - p\H\ 2 {(n{ ei )) 2 - (n(e 2 )) 2 ) 
(6.1) I +3p((<pe 1 , H) 2 -(pe 2 ,H) 2 ) = 

[8|tf | 2 (a(ei, e 2 ), H) - p\H\ 2 n( ei )n(e 2 ) + 3p((pe\, H)(ipe 2 , H}) = 

and 

(6 2) f 8(<r(ei,ei) - a(e 2 ,e 2 ),H) - p((r?( ei )) 2 - {n{e 2 )) 2 ) = 

[8(a(e 1 ,e 2 ),H) - pn{ei)n{e 2 ) = 0, 

where {e±, e 2 } is an orthonormal frame on the surface. 

From (16. 2p it results that £ is orthogonal to the surface at a point p if and only 
if H is an umbilical direction at p. Therefore, using Remark 15.111 we obtain that 
either £ is orthogonal to the surface at any point or this holds only in a closed set 
without interior points. From Theorem 1 5 . 1 2 1 we know that the first case is possible 
only for n > 3. 

Next, if £ p is tangent to the surface at any point p in an open, connected subset 
of X 2 , it follows that the Gaussian curvature K of X 2 vanishes on this set, since 
£ is parallel. Therefore, K vanishes on the whole surface, and this cannot occur 
for 2-spheres. We however studied this case in Section [H where N 2n+1 (p) is the 
product between a non-flat complex space form and the Euclidean line M. In general, 
for a surface in an arbitrary cosymplectic space form N 2n+1 (p), we can choose an 
orthonormal frame {e%, £} on the surface, and easily see that cr(£, £) = 0, <r(ei, £) = 
and <r(ei,ei) = 2H. Moreover, from (|6,ip and (|6,2p . we have that H _L ipei and 
p = -16\H\ 2 . 

Remark 6.1. We shall use now an argument in [5], in order to show that either £ is 
tangent to X 2 everywhere or this holds only in a closed set without interior points. 
Let / : X 2 — > £(A^X 2 ,1R) be the map that takes any point p G X 2 to the linear 
function f p on N p T, 2 , given by f p (X p ) = r] p (X p ), for any normal vector X p at p. 
Obviously, £ is tangent to the surface at p G X 2 if and only if f p vanishes identically. 
By analyticity, either / is identically zero on the surface or the set of its zeroes is 
closed and without interior points. 
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Now, in order to treat the case where £ has non-vanishing tangent and normal 
components in an open dense set T C £ 2 , we shall split our study in two cases, as 
n = 2 or n > 3. We will work in the open dense set T and all results obtained below, 
that hold on this set, actually hold on £ 2 , by continuity. 

Case I: n = 2. Let us consider the orthonormal basis {ei,e2} in T p T, 2 for any 

p £ T, where e 2 = j^yj is the unit vector in the direction of the projection of £ 
on the tangent space. Then, since r](ei) = and, from f)6. 1 1) and (|6.2p . we have 
yei _L il and <pe 2 -L ff, it follows that {ei,e2,e3 = (/?ei,e4 = t^t^s = p|j} is an 
orthonormal basis in T p N 5 . Observe that, at any point p £ T, the characteristic 
vector field £ can be written as 

(6.3) £ = /ie 2 + ^e 5 , 

where [i = r](e 2 ) and z/ = r](e^) = t©, is called the cmgZe function. 

Next, from the second equation of (16. 2D . we get that {ei,e2} diagonalizes Aff- 
Moreover, using the Ricci equation, one obtains that {ei,e2} also diagonalizes A^ ei 
and A^, since (R N (ei, e 2 )H, ipei) = (R N (ei, e 2 )H, ipe 2 ) = 0. 

Finally, the first equation of (16.2 [) leads to 



(6 - 4) Ae5 ~ { A 2 ) " 16|H ' + -fr^) 



X, \ ( \H\{l-^p?) 

T6|7T 

Lemma 6.2. The following identities hold: 
(1) ei (» = ei(» = 0; 



(2) e 2 (/i) = \ 2 v and e 2 {y) = —\ 2 n; 

(3) V ei ei = -Ai^e 2 and V e2 e 2 = 0; 



(4) a( ei ,e,) = ^, i£{l,2}. 
Proof. The fact that £ is parallel, (I6.3P and (I6.4D imply that 
= V^ = V^(/ie 2 + z,e 5 ) 

= ei(/x)e 2 + /xV ei e 2 - vA eh e x + \io-{e x ,e 2 ) + ei(V)e 5 

= ei(/i)e 2 + /xV ei e 2 - Aizvei + ei(zv)e 5 . 

The tangent and the normal part in the right hand side vanish and then, since 
V ei e 2 _L e 2 , it follows that ei(/x) = e\(v) = and V ei e 2 = Ai^ei. As (V ei e 2 ,e±) + 
(V ei ei,e2) = and V ei ei _L ei, the last identity is equivalent to V ei ei = — Ai^e2- 
In the same way, we get 

= V^ = V^(/ie 2 + ^ 5 ) 

= e 2 (fi)e 2 + /xV e2 e 2 - zM e5 e 2 + Atcr(e 2 , e 2 ) + e 2 (^)e 5 

= e 2 (fi)e 2 + /xV e2 e 2 - A 2 ^e 2 + e 2 0)e 5 + ^o-(e 2 , e 2 ) 

and then V e2 e2 = 0, e 2 (^) = \ 2 v and, since fi 2 + z/ 2 = 1, e2(^) = —\ 2 /J>. We also 
obtain that cr(e2, e2) = — ^p- e 5 = jjj\H and <r(ei, ei) = 2H — a(e 2 ,e 2 ) = yh\H . □ 

Remark 6.3. A direct consequence of the previous Lemma is that A ipei and A ve2 
vanish and then the only non-zero component of A is A es . 
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Now, assume that the characteristic vector field £ is either tangent to the surface 
or it has non vanishing tangent and normal components in an open dense set TcS 2 , 
and consider the subbundle of the normal bundle L = Im<r. It is easy to see that 
L is parallel, dimL = 1,^11 Y, for any X,Y G TT? © L and that TT? © L is 
invariant by R N , since £ 6 TX 2 © L along the surface. 

On the other hand, any non-minimal cmc surface immersed in an anti-invariant 
totally geodesic 3-dimensional submanifold of N 5 (p) is an immersed non- minimal 
anti-invariant pmc surface in N 5 (p). Moreover, if we assume that the (2,0)-part of 
Q' vanishes on such a surface, it follows that also the (2, 0)-part of Q vanishes. 

Therefore, using Theorem 2 in |14| . we get 

Theorem 6.4. A surface X 2 can be immersed as a non-minimal anti-invariant pmc 
surface in a non-flat cosymplectic space form N 5 (p), with vanishing (2,0) -parts of 
the quadratic forms Q and Q' , if and only if X 2 is an immersed non-minimal cmc 
surface in a 3-dimensional totally geodesic anti-invariant submanifold of N 5 (p), such 
that the (2,0) -part of Q' vanishes. 

The 3-dimensional totally geodesic anti- invariant submanifolds of M 2 (p) x M, 
where M 2 is a non-flat complex space form, are M 2 x R, where M 2 is a totally 
geodesic Lagrangian submanifold of M 2 (p). B.-Y. Chen and K. Ogiue proved in [10] 
(Proposition 3.2) that a totally geodesic totally real submanifold M m of a non-flat 
complex space form M n (p) is necessarily a space form with constant curvature 
Moreover, it is known that S 2 (f ) and IH 2 (|) can be isometrically immersed as totally 
geodesic Lagrangian submanifolds in CP 2 (p) and CH 2 (p), respectively (see [8]). 

Hence, an immersed non-minimal anti-invariant surface pmc surface in M 2 (p) x 
R on which the (2, 0)-parts of Q and Q' vanish, is a non-minimal cmc surface in 
M 2 (j) x R with vanishing (2, 0)-part of Q' , which in this case is just the Abresch- 
Rosenberg differential introduced in [I], where M 2 (j) is a complete simply-connected 
surface with constant curvature § . U. Abresch and H. Rosenberg proved there 
are four classes of such surfaces, the first three of them, namely the cmc spheres 
Sfj C M 2 (j) x R of Hsiang and Pedrosa, their non-compact cousins D\ and the 
surfaces of catenoidal type Cjj, being embedded and rotationally invariant, and the 
fourth one being comprised of parabolic surfaces Pfj (see [I] and [2] for detailed 
description of all these surfaces). 

Corollary 6.5. Any immersed non-minimal anti-invariant pmc surface in M 2 (p) x 
R with vanishing (2,0) -parts of the quadratic forms Q and Q 1 is one of the surfaces 
Sjj, D 2 H , C]j and Pfj in the product space M 2 (j ) x R. 

Therefore, we have 

Theorem 6.6. Any immersed non-minimal anti-invariant pmc 2-sphere in a non- 
flat cosymplectic space form M 2 (p) x R is one of the embedded rotationally invariant 
cmc spheres S 2 H C M 2 (f ) xl. 

Remark 6.7. A surface E 2 immersed in a cosymplectic space form is called a slant 
surface if for all vectors X tangent to S 2 and orthogonal to £ the angle 9 between 
ifX and TpT, 2 is constant, i.e. 9 does not depend on X or on the point p on the 
surface. Obviously, the invariant and anti-invariant surfaces are slant surfaces. A 
slant surface which is neither invariant nor anti-invariant is called a proper slant 
surface. If S 2 is a proper slant surface then £ is orthogonal to the surface (see |21j). 
It follows that, if X 2 is an immersed proper slant surface in M 2 (p) x R, then it lies 
in M 2 (p). On the other hand, there are no non- minimal pmc 2-spheres in a non- flat 
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complex space form M 2 (p) (see |18j). Therefore, S 2 H C M 2 (|) x R are the only 
non-minimal slant pmc 2-spheres in M 2 (p) x R. 

In the following, we shall see that Lemma 16.21 allows us to make some considera- 
tions about the admissible range of the angle function v. 

Let X 2 be a surface as in Corollary 16.51 with parallel mean curvature vector H. 
From Lemma 16.21 it follows, after a straightforward computation, that 

(6.5) At/ 2 = 2A|(1 - 3i/ 2 ) 

and 

(6-6) A|A| 2 = ^^A 2 ^ 2 (5^-1). 

Assume now that the surface is complete and K > 0, so that X 2 is a parabolic 
space. 

If v 2 > J on an open dense subset of X 2 , then, from (j6.6|) . it follows that \A\ 2 is a 
subharmonic function, and, since \A\ 2 is bounded by fl§3|, we get that either A 2 . = 
or /i 2 = or i^ 2 = |. J. M. Espinar and H. Rosenberg proved in [15] that if the angle 
function z/ is constant, then v 2 = or v 2 = 1, the second case being possible only 
when the surface is minimal. Therefore, since we also know that p? cannot vanish 
on an open dense subset of X 2 , one obtains that A 2 . = |-ff| 2 (l + 16 |#p j" 2 ) 2 = 0, and 
then that p and v are constant, which means that v 2 = and p 2 = 1. But this is a 
contradiction, since we assumed that v 2 > g. 

If ^ 2 < g on an open dense subset of X 2 , then, from (16. 5p . in the same way as 
above, we obtain that v 2 = 0, K = and p = —16\H\ 2 . In this case, X 2 is a vertical 
cylinder over a circle in H 2 (— 4|ff| 2 ), with curvature k = 2\H\ and complex torsion 
equal to (see also [15]). 

Next, if X 2 is compact, from (|6.6p and the divergence theorem, we get that if 
1/2 > g then v = 0, which is a contradiction. From (|6.5p . again using the divergence 
theorem, we obtain that, if u 2 < ^ on X 2 , then the surface is a cylinder, which is 
also a contradiction, since we assumed that X 2 is compact. 

Summarizing, we proved the following 

Proposition 6.8. Let X 2 be a complete non-minimal cmc surface in M 2 (|) x R 
with vanishing Abresch-Rosenberg differential and non-negative Gaussian curvature. 
Then we have that: 

(1) v 2 > g cannot occur on an open dense subset o/X 2 ; 

(2) if v 2 < g on an open dense subset of X 2 , then v vanishes identically and 
the surface is a vertical cylinder over a circle in M 2 (—A\H\ 2 ), with curvature 
k = 2\H\ and complex torsion equal to 0. 

Proposition 6.9. There are no compact non-minimal cmc surfaces in M 2 (|) x R 
with vanishing Abresch-Rosenberg differential, such that one of the inequalities v 2 > 
g or v 2 < i holds on the surface. 

Case II: n > 3. We note first that, according to Theorem l5.12t the surface cannot 
be pseudo-umbilical, since we have assumed that the tangent part of £ does not 
vanish in an open dense set. 

Now, let us consider again the orthonormal basis {ei,e2} in T p X 2 , pgT, where 
e2 is the unit vector in the direction of the projection of £ on the tangent space. 
From (16.ip and (I6.2p . we can see that {e\, e{\ diagonalizes Ah in this case too. Since 
the surface is anti-invariant, from the Ricci equation, we get L4#,^4y] = 0, for any 
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normal vector V and, therefore, {ei,e2} diagonalizes Ay, for any normal vector V. 
We define the subbundle L = span{ImcrU.$;- L } in the normal bundle and, in the same 
way as in Lemma 15.81 we can prove that, for any normal vector V, orthogonal to L, 
we have (<r(ej, ej), Vr . V) = and (£ ? Vi V) = 0, i,j, k = {1, 2}, which means that 
L is parallel. It is also easy to see that T£ 2 © L is invariant by R N . We shall prove 
that ipX _L Y, for any 1,7 6 T£ 2 © L. Since the surface is anti-invariant, we have 
tpei _L e 2 and, moreover, (ipei,^- 1 } = (tpei,£ — £ T ) = 0. Next, we obtain 

(<pei,er(e 2 ,e 2 )) = (<pei,V^e 2 ) = -{ipV^ 2 e 1 ,e 2 ) = -(<pV e2 ei, e 2 ) = 0, 

again using the fact that X 2 is anti-invariant and <r(ei,e 2 ) = 0. From the equations 
flEED and (H^D it follows that </>ej ± H, i = {1,2}, and then 

(yei,cr(ei,ei)) = {ipe\,2H - cr(e 2 ,e 2 )) = 0. 

Since T£ 2 © L = spanjei, e 2 , <r(ei, ei), cr(e 2 , e 2 ), £-*-}, we have just proved that </?ei 
is orthogonal to TS 2 © L. In the same way we get that </?e 2 and ip^ 1 - = |£ top |ye 2 
are orthogonal to T£ 2 © L. Finally, since ipH _L ej, z = {1,2}, it results that <pH is 
normal and one gets 

((/xr(ei,ei),o-(e 2 ,e 2 )) = {<pa(e\, e%), 2H - a(ei,ei)) = 2{(pa(e 1 ,e 1 ),H) 

= -2(V£ei >¥ >fO = 2(e 1 ,( P V^H) = -2(eu<pA H ei) 
= 0, 

which means (pa(ei,ei) _L TS 2 © L. 

Hence, TE 2 ©L is parallel, invariant by R , anti-invariant by 99 and its dimension 
is less than or equal to 5. Now, again using Theorem 2 in |T3], we can state 

Theorem 6.10. A non-minimal non-pseudo-umbilical anti-invariant pmc surface 
immersed in a non-flat cosymplectic space form N 2n+1 {p), n > 3, with vanishing 
(2,0)-parts of Q and Q' , lies in a totally geodesic anti-invariant submanifold of 
N 2n+1 (p), with dimension less than or equal to 5. 

If N 2n+1 (p) is of product type, we use again Proposition 3.2 in [10J , in order to 
obtain 

Corollary 6.11. A non-minimal non-pseudo-umbilical anti-invariant pmc surface 
immersed in M n (p) xR, n>3, with vanishing (2,0)-parts of Q and Q' , lies 

in a product space M 4 (f ) x R, where M 4 (|) is a space form immersed as a totally 
geodesic totally real submanifold in the complex space form M n (p). 

Remark 6.12. The non- minimal non-pseudo-umbilical pmc 2-spheres immersed in 
M 4 (0 x M were characterized by H. Alencar, M. do Carmo and R. Tribuzy in 
[5] (Theorem 2(4)). In the same paper, they also described the non- minimal non- 
pseudo-umbilical complete pmc surfaces with non-negative Gaussian curvature with 
vanishing (2, 0)-part of Q' (Theorem 3(4)). 

Remark 6.13. As we have seen, a proper slant surface S 2 immersed in M n (p) x 
M., p 7^ 0, lies in M n (p). Moreover, as an immersed surface in this space, it has 
constant Kahler angle. In [IT] it is proved that there are no non-minimal non- 
pseudo-umbilical pmc 2-spheres with constant Kahler angle in a non-flat complex 
space form. Therefore, there are no non-minimal non-pseudo-umbilical proper slant 
pmc 2-spheres in M n (p) x R. 
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